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Abstract. Optimal transport (OT) provides a powerful mathemati-
cal framework for comparing probability distributions and modeling the
movement of mass under cost constraints. In this thesis, we investigate
a generalization of the classical OT problem in which mass must be
transported through one or more intermediate stages, a problem which
we refer to as multi-stage optimal transport (MSOT). We begin by for-
mulating the discrete MSOT problem and demonstrate a reduction to
the classical Kantorovich problem through a reduced cost matrix, al-
lowing for efficient computation of solutions. We subsequently propose
an algorithm with improved complexity guarantees compared to direct
linear programming approaches. In the continuous setting, we explore
the connections between MSOT and Wasserstein barycenters, and es-
tablish sufficient conditions for the existence of Monge mappings and
Kantorovich transport plans. Our findings unify and extend existing
OT theory, offering both theoretical insight and computational tools for
transport problems involving multiple stages of transportation.
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1. Introduction

Optimal transport (OT) is a fundamental problem in mathematics with
wide-ranging applications in economics, machine learning, computer vision,
and beyond. At its core, OT concerns how to most efficiently move mass
from one probability distribution to another, given a cost of transportation.
Originally formulated by Monge in the 18th century [Mon81] and rigor-
ously developed in the 20th century by Kantorovich [Kan06a, Kan06b], OT
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Figure 1. Illustration of the MSOT problem.

provides a rich mathematical framework for comparing distributions and
modeling the movement of mass across space.

This thesis explores a generalization of the classical OT problem where
mass must pass through one or more intermediate stages before reaching its
destination. We call this generalized problem the multi-stage OT (MSOT)
problem. Rather than transporting mass directly from a source measure
µ to a target measure ν, we consider a setting where mass must first be
transported from µ to an intermediate Borel space Z, and then from this
Z to ν. This framework reflects real-world transportation processes such as
supply chains, multi-hop networks, or any scenario where direct movement
is restricted or inefficient.

In this thesis, we develop a comprehensive theory of the MSOT problem.
In the discrete setting, we prove that MSOT admits an exact reduction to
an instance of the classical OT problem via a minimal-path cost formula-
tion, and we use this result to derive a computationally efficient algorithm
for computing optimal transport plans. We analyze the complexity of this
algorithm and demonstrate its improvement over direct approaches based
on linear programming. We extend our framework to handle an arbitrary
number of intermediate stages, and we discuss settings where Monge-type
solutions exist. In the continuous setting, we establish connections between
MSOT and Wasserstein barycenters, and we prove existence and uniqueness
results for both the Monge and Kantorovich MSOT formulations under ap-
propriate assumptions. Finally, we show that under mild regularity assump-
tions, the MSOT problem can be reduced to an instance of a single-stage
classical OT problem with a suitably defined cost function, thereby unifying
our discrete and continuous analyses within a broader OT framework.

2. Notations

We adopt the following notations throughout the paper.

• JmK: the set of integers {1, . . . ,m}.
• 1m: m-dimensional vector with all entries identically equal to 1.
• ⟨·, ·⟩: the usual Euclidean dot-product between vectors, or the Frobe-
nius dot-product for two matrices of the same size.
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• X ,Y,Z: Borel spaces. Typically, X will be the source space, Y the
target space, and Z an intermediate space. If there are multiple in-
termediate spaces, we label them Z1, . . . ,ZN . In the discrete setting,
X = {xi}mi=1, Y = {yj}nj=1, Z = {zk}pk=1.

• P(X ): the space of Borel probability measures on X . Pp(X ) denotes
the space of Borel probability measures with finite pth moment.
• Σm: probability simplex with m bins. That is, the set of probability
vectors in Rm

+ , Σm :=
{
a ∈ Rm

+ : ∥a∥1 = 1
}
.

• µ, ν: (probability) measures supported on X ,Y. In the discrete set-
ting, µ =

∑m
i=1 aiδxi and ν =

∑n
j=1 bjδyj .

• a,b: histograms in the simplices Σm,Σn. We let a =
[
a1 · · · am

]T
,

b =
[
b1 · · · bn

]T
.

• ⊗: product measure or vector outer product. That is, for measures
µ and ν, µ⊗ν is their product measure, whereas for histograms a,b
(or more generally, Euclidean vectors), a⊗ b is their outer product.
• πX : canonical projection mapping from product space onto X . By
abuse of notation, we use πX to refer to both the maps X ×Y → X
given by (x, y) 7→ x and X × Z → Z given by (x, z) 7→ x depending
on context. Other canonical projection maps are denoted similarly.
• T#µ: the push-forward measure of µ through the map T : X → Y.
The push-forward measure is defined such that T#µ(A) = µ(T−1(A)).
• Γ(µ, ν): the set of transport plans/couplings between µ, ν. That
is, the set Γ(µ, ν) := {γ ∈ P(X × Y) : (πX )#γ = µ, (πY)#γ = ν}.
When transporting through an intermediate space Z, we denote the
set of two-step transport plans as ΓZ(µ, ν) (see Equation (7.4)).
• U(a,b): the set of transport plans/couplings between histograms
a,b. That is, the set U(a,b) := {P ∈ Rm×n

+ : P1p = a, P T
1m = b}.

When transporting through an intermediate space Z, we denote the
set of two-step transport plans as UZ(a,b) (see Equation (5.4)).
• c(x, y): transportation cost between x and y. In the MSOT problem,
c1(x, z) is the transportation cost between x and z, and c2(z, y) is
the transportation cost between z and y. In the discrete setting,
C =

[
c(xi, yj)

]
i,j
∈ Rm×n

+ , and in the discrete MSOT problem, C1, C2

are defined similarly.
• M(µ, ν; c): the Monge problem between µ and ν given the cost func-
tion c(·, ·). In the discrete setting, M(a,b;C) denotes the Monge
problem between histograms a and b given cost matrix C. The
Monge formulation of the MSOT problem with intermediate space
Z is similarly denoted by MZ(µ, ν; c) and MZ(a,b;C).
• K(µ, ν; c): the Kantorovich problem between µ and ν given the cost
function c(·, ·). In the discrete setting, K(a,b;C) denotes the Kan-
torovich problem between histograms a and b given cost matrix C.
The Kantorovich formulation of the MSOT problem with interme-
diate space Z is similarly denoted by KZ(µ, ν; c) and KZ(a,b;C).
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3. Monge and Kantorovich Problems

OT first originated from Gaspard Monge’s formulation in the 18th century
[Mon81], which was motivated by the problem of moving the mass from a
pile of dirt or sand to construct a target structure in the most cost efficient
manner. Formally, let X ,Y be two Borel spaces, and consider the probability
measures µ ∈ P(X ), ν ∈ P(Y). Then, given a cost function c : X × Y →
[0,+∞), the Monge problem is given as

(3.1) M(µ, ν; c) = inf
T : X→Y

{∫
X
c(x, T (x)) dµ(x) : T#µ = ν

}
,

where T : X → Y can be any Borel measurable map. Here, the notation
T#µ indicates the push-forward of µ through the map T , which is defined
such that T#µ(A) = µ(T−1(A)). Equivalently, T#µ is defined such that

(3.2)

∫
Y
ψ d(T#µ) =

∫
X
(ψ ◦ T ) dµ

for every measurable function ψ.

Definition 3.3. A mapping T that solves the Monge problem in Equation
(3.1), should it exist, is called a Monge mapping between µ and ν.

In the discrete setting, we consider histograms a =
[
a1 · · · am

]T ∈ Σm

and b =
[
b1 · · · bn

]T ∈ Σn, corresponding to the probability measures
µ =

∑n
i=1 aiδxi and ν =

∑m
j=1 bjδyj for X = {xi}mi=1 and Y = {yj}nj=1.

We can now encode the transport map T : {xi}mi=1 → {yj}
n
j=1 as a map

between indices σ : JmK → JnK with σ(i) = j corresponding to T (xi) = yj .
Additionally, we can define a cost matrix given by

(3.4) C :=
[
c(xi, yj)

]
i,j
∈ Rm×n

+ .

The Monge problem in Equation (3.1), then, becomes

(3.5) M(a,b;C) = inf
σ : JmK→JnK


m∑
i=1

ai · Ci,σ(i) : bj =
∑

i∈σ−1(j)

ai

.
Thus, in this setting, we can interpret the Monge problem as seeking to find
the optimal rearrangement or optimal assignment of mass with minimal cost.

The Monge problem is a traditionally difficult problem to solve between
arbitrary measures µ and ν, particularly due to the fact that a mapping T
satisfying T#µ = ν may not always exist. In particular, we can consider the
case when n > m in the discrete setting of the problem: if all ai, bj > 0,
then the map T must be surjective, but this is not possible if n > m. A
similar issue arises if µ is a discrete measure while ν is continuous. The
following theorem characterizes sufficient conditions under which at least
one transport map is guaranteed to exist.



MULTI-STAGE OPTIMAL TRANSPORT 5

Theorem 3.6 ([San15, Corollary 1.29]). If µ, ν ∈ P(Rd) and µ is atomless,
then there exists a transport map T such that T#µ = ν.

More generally, however, the constraint on the mappings T is not closed
under weak convergence, making it impossible to prove the existence of
a minimizer to Equation (3.1) in general [San15]. Furthermore, from a
computational perspective, the optimization problem in Equation (3.5) is
non-convex, making it hard to solve in practice. However, thanks to the
work of Brenier [Bre91] and later Gangbo and McCann [GM96], we have
the following theorem on the existence of solutions to the Monge problem.
Note that this theorem handles all costs of the form c(x, y) = |x − y|p for
p > 1.

Theorem 3.7. Let Ω ⊂ Rd be a compact domain with µ, ν ∈ P(Ω), and let
c(x, y) = h(x − y) for h strictly convex. If µ is absolutely continuous with
resepct to the Lebesgue measure, then there exists a unique Monge mapping
T between µ and ν.

Following Monge’s formulation of the OT problem, Leonid Kantorovich
would later independently propose a relaxed formulation of the OT problem
in the 20th century [Kan06a, Kan06b]. Intuitively, while Monge’s formula-
tion seeks a deterministic transport map between two measures µ and ν such
that mass in the source measure cannot be split, Kantorovich’s formulation
seeks a transportation plan between µ and ν which allows source mass to be
distributed between multiple target locations.

As before, we consider probability measures µ ∈ P(X ), ν ∈ P(Y) for
Borel spaces X ,Y and a cost function c : X × Y → [0,+∞). The set of
transportation plans between µ and ν is defined as

(3.8) Γ(µ, ν) := {γ ∈ P(X × Y) : (πX )#γ = µ, (πY)#γ = ν}.
In this formulation, given measurable sets A ⊆ X , B ⊆ Y, γ(A,B) is the
amount of mass being transported from A to B. Note that Γ(µ, ν) is always
non-empty, as we trivially have that the product measure µ ⊗ ν ∈ Γ(µ, ν).
The Kantorovich problem, then, is given as

(3.9) K(µ, ν; c) = min
γ∈Γ(µ,ν)

∫
X×Y

c(x, y) dγ(x, y).

We also consider the discrete setting of the Kantorovich problem between
histograms a ∈ Σm and b ∈ Σn, as before. In this setting, we can instead
represent a transportation plan with an m×n matrix P ∈ Rm×n

+ where Pi,j

encodes the amount of mass being transported from the point xi to yj . We
now denote the set of transport plans as

(3.10) U(a,b) := {P ∈ Rm×n
+ : P1n = a, P T

1m = b}.
Thus, using the cost matrix as defined in Equation (3.4), the Kantorovich
problem becomes

(3.11) K(a,b;C) = min
P∈U(a,b)

⟨C,P ⟩.
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Unlike the Monge problem, the Kantorovich problem in Equation (3.9)
will always admit a solution under mild regularity conditions on the un-
derlying spaces X ,Y and the cost function c(·, ·), as demonstrated by the
following theorems.

Theorem 3.12 ([San15, Theorem 1.4]). Let X ,Y be compact metric spaces
with µ ∈ P(X ), ν ∈ P(Y). Then, the Kantorovich problem in Equation (3.9)
admits a solution if c : X × Y → R is continuous.

Theorem 3.13 ([San15, Theorem 1.5]). Let X ,Y be compact metric spaces
with µ ∈ P(X ), ν ∈ P(Y). Then, the Kantorovich problem in Equation (3.9)
admits a solution if c : X × Y → R ∪ {+∞} is lower semi-continuous and
bounded from below.

Theorem 3.14 ([San15, Theorem 1.7]). Let X ,Y be Polish spaces (complete
and separable metric spaces) with µ ∈ P(X ), ν ∈ P(Y). Then, the Kan-
torovich problem in Equation (3.9) admits a solution if c : X ×Y → [0,+∞]
is lower semi-continuous.

In the discrete setting, we observe that Equation (3.11) is now simply a
linear programming problem; since the set of transport plans is non-empty,
as the outer product a⊗b ∈ U(a,b), and the objective function is bounded
below by the minimum entry of C, Equation (3.11) always has an opti-
mal solution. Hence, Equation (3.11) can be solved efficiently for any two
histograms a,b using standard linear programming methods (e.g., network
simplex) [Vil08, PC18]. This is a particularly important fact, as in com-
putational settings, one can often approximate non-discrete measures µ, ν
with discrete ones (e.g., through sampling), and it follows that if µk, νk are
sequences of measures that weakly converge to µ and ν, respectively, and γk

is an optimal transport plan between µk, νk, then, up to subsequences, γk

will converge weakly to the optimal transport plan γ∗ between µ, ν [Vil08,
Theorem 5.20].

Finally, we note that the Kantorovich problem is indeed a relaxation of
the Monge problem [San15, Theorem 1.33]. In particular, any valid trans-
portation map T : X → Y satisfying T#µ = ν induces a transport plan as
follows:

(3.15) γ = (id, T )#µ ∈ Γ(µ, ν).

Furthermore, if T is a Monge mapping between µ and ν (i.e., T solves
the Monge problem in Equation (3.1)), then γ∗ = (id, T )#µ is an optimal
transportation plan for the Kantorovich problem in Equation (3.9). While
the Kantorovich problem may have multiple minimizers in general, under
the assumptions of Theorem 3.7, there is a unique optimal transport plan,
which is the transport plan induced by the unique Monge mapping given in
Theorem 3.7.
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4. Wasserstein Space

Our discussion of the Monge and Kantorovich formulations of the classical
OT problem leads naturally to a discussion of Wasserstein distances and
Wasserstein space. In what follows, (X , d) will denote a compact metric
space (or alternatively, a Polish space), p ∈ [1,∞), and µ, ν ∈ Pp(X ) will be
Borel probability measures with finite pth moment. That is,

(4.1) Pp(X ) :=
{
µ ∈ P(X ) :

∫
X
d(x, x0)

p dµ(x) <∞ for some x0 ∈ X
}
.

The p-Wasserstein distance between measures µ, ν is then defined as

(4.2) Wp(µ, ν) =

(
min

γ∈Γ(µ,ν)

∫
X×X

d(x, y)p dγ(x, y)

)1/p

.

One can immediately observe that computing the p-Wasserstein distance
between the measures µ, ν corresponds to an instance of the Kantorovich
problem K(µ, ν; dp). The Wasserstein distance serves as a natural way to
define a metric on the space Pp(X ) based on the metric of the underlying
space X . In fact, it follows from this formulation that Wp(δx, δy) = d(x, y)
for any x, y ∈ X . We formalize the metric properties of Wp in the following
proposition.

Proposition 4.3 ([Vil08, Chapter 6]). Wp is a metric on the space Pp(X ).
If X is a compact metric space (resp., a Polish space), then Pp(X ) equipped
with the p-Wasserstein metric is a compact metric space (resp., a Polish
space).

The preceding proposition motivates the following definition.

Definition 4.4. When equipped with the Wp metric, Pp(X ) is referred to
as Wasserstein space, and is denoted as Wp(X ).

We can observe that for p ≤ q, a straightforward application of Jensen’s
inequality or Hölder’s inequality yields that Wp ≤ Wq. It also happens
that in the topology induced by Wp on Pp(X ), convergence under Wp is
equivalent to the weak convergence of probability measures in Pp(X ). This
result is given in the following theorem.

Theorem 4.5 ([Vil08, Theorem 6.9]). Let (µk)
∞
k=1 ⊂ Pp(X ) be a sequence

of probability measures and let µ ∈ Pp(X ). Then, µn ⇀ µ in Pp(X ) if and
only if Wp(µn, µ)→ 0.

Finally, we will discuss the characterization of Wasserstein space as a
geodesic space, and explore the relationship between these geodesics and
the notion of Wasserstein barycenters. First, recall that for a metric space
(X , d), a constant speed geodesic between two points x0, x1 ∈ X is a con-
tinuous curve x : [0, 1] → X such that d(xs, xt) = |s − t|d(x0, x1) for any
s, t ∈ [0, 1], where we are using the notation x(t) and xt interchangeably.
The following theorem characterizes geodesics in Wasserstein space.
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Theorem 4.6 ([San15, Theorem 5.27]). Let (X , d) be a compact and convex
metric space, and let µ, ν ∈ Wp(X ). Let γ ∈ Γ(µ, ν) be an optimal transport
plan between µ, ν. Then, define the map χt : X ×X → X such that (x, y) 7→
(1− t)x+ ty. Then the curve ω(t) := (χt)#γ is a constant speed geodesic in
Wp(X ) connecting µ and ν.

Corollary 4.7. Under the assumptions of Theorem 4.6, if there exists a
Monge mapping T between µ and ν, then the constant speed geodesic given
in Theorem 4.6 is equivalent to the curve ω(t) = ((1− t) id+tT )#µ.

The following theorem is derived from the preceding results and charac-
terizes Wp(X ) as a geodesic space.

Theorem 4.8 ([San15, Theorem 5.27]). Under the assumptions of Theorem
4.6, for any µ, ν ∈ Wp(X ), there exists (at least one) constant speed geodesic
between µ and ν. Thus, Wp(X ) is a geodesic space.

Finally, we define the notion of Wasserstein barycenters and their rela-
tion to constant speed geodesics in Wp(X ). Consider a collection of mea-
sures µ1, . . . , µN ∈ Wp(X ) and weights λ1, . . . , λn ∈ R+. The Wasserstein
barycenter of this collection of measures is defined to be the measure µ∗

such that

(4.9) µ∗ = argmin
µ∈Wp(X )

N∑
i=1

λiW
p
p (µ, µi).

Hence, the Wasserstein barycenter can be thought of as the Fréchet
mean in Wasserstein space, generalizing the notion of geodesics. In fact,
in the following remark, we characterize the relationship between Wasser-
stein barycenters between N = 2 measures and the constant speed geodesic
between the measures.

Remark 4.10. By Theorem 4.8, since Wp(X ) is a geodesic space for X com-
pact and convex, we observe that in the special case with N = 2 measures,
the Wasserstein barycenter of two measures in Wp(X ) must lie on the geo-
desic between them. That is, consider the measures µ0, µ1 ∈ Wp(X ); with-
out loss of generality, we may assume that the weights for the Wasserstein
barycenter are given by (λ, 1− λ) ∈ Σ2 since the barycenter is the same up
to rescaling/normalization of the weights. Then, the barycenter µ∗ of µ0, µ1
lies on the constant speed geodesic between µ0, µ1. In particular, given an
optimal transport map γ ∈ Γ(µ, ν), the barycenter µ∗ is given by

(4.11) µ∗ = (χ1−λ)#γ.

5. Discrete Multi-Stage Optimal Transport

In this section, we begin to formalize the MSOT problem, which is mo-
tivated by real-world transport processes requiring transportation across
multiple stages. As examples, one can consider scenarios where materials
may need to travel from extraction sites to factories before finally reaching
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consumers; data may need to pass through several processing nodes in a
network before arriving at its final destination; and goods in a supply chain
might have to be routed through distribution hubs on their way from ware-
houses to retail locations. These scenarios involve intermediate structure,
where the source and target distributions cannot be directly linked with-
out accounting for intervening space, cost, or infrastructure. To model such
systems, we introduce the MSOT problem, a natural generalization of clas-
sical OT that incorporates one or more intermediate stages through which
transport must occur.

Here, we will focus our attention to the discrete formulation of the MSOT
problem, but we discuss the continuous formulation in Section 7. In the
discrete setting, we consider a discrete source domain X = {xi}mi=1 and
discrete target domain Y = {yj}nj=1. As before, we wish to study transport

between the measures µ =
∑n

i=1 aiδxi and ν =
∑m

j=1 bjδyj , or equivalently,
between histograms a ∈ Σm and b ∈ Σn. In the MSOT problem, however,
we cannot directly transport mass from the source and target; instead, there
is some set of intermediate locations Z = {zk}pk=1, and we must transport
mass from the source domain X to this intermediate domain Z, and then
from the intermediate domain Z to the target domain Y.

We consider a cost function c1 : X × Z → [0,+∞) giving the transport
cost between X and Z, and a cost function c2 : Z ×Y → [0,+∞) giving the
transport cost between Z and Y. The transport costs can be encoded in the
matrices

C1 :=
[
c1(xi, zk)

]
i,k
∈ Rm×p

+(5.1)

C2 :=
[
c2(zk, yj)

]
k,j
∈ Rp×n

+ ,(5.2)

analogous to Equation (3.4) from the discrete formulation of the classical
OT problem. The Monge formulation of the MSOT problem, then, is given
as

(5.3)

MZ(a,b;C1, C2) = inf
σ1 : JmK→JpK
σ2 : JpK→JnK

{
m∑
i=1

ai ·
(
(C1)i,σ1(i) + (C2)σ1(i),(σ2◦σ1)(i)

)
:

bj =
∑

i∈(σ2◦σ1)−1(j)

ai

}
.

Notably, in the preceding formulation, there is no constraint on what
the distribution looks like on the intermediate space Z; instead, the in-
termediate distribution can take whatever form minimizes the cost of the
overall transport process. This adds additional complexity to the prob-
lem, as enforcing that the distribution follow a particular histogram, say
c ∈ Σp, on the intermediate space would simply reduce the problem to
solving M(a, c;C1) +M(c,b;C2).
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Under the same setup as the Monge formulation of the MSOT problem,
we can similarly define a Kantorovich formulation of the MSOT problem.
The Kantorovich formulation of the MSOT problem, as is the case with the
classical OT problem, relaxes the Monge formulation and allows for mass
splitting to occur in both stages of the transportation process. We now
consider the set of two-step transportation plans,

(5.4) UZ(a,b) :=

(P1, P2) ∈ Rm×p
+ × Rp×n

+ :

P11p = a,

P T
1 1m = P21n,

P T
2 1p = b

 ,

which extends the definition of transportation plans in Equation (3.10) from
the classical OT problem with the additional requirement that P1, P2 agree
on their shared marginal. The Kantorovich formulation of the MSOT prob-
lem thus follows as

(5.5) KZ(a,b;C1, C2) = min
(P1,P2)∈UZ(a,b)

⟨C1, P1⟩+ ⟨C2, P2⟩.

Just as in the classical OT problem, the Kantorovich formulation is indeed a
relaxation of the Monge formulation in the MSOT setting. We discuss this
in further detail in Remark 7.6 in Section 7. We briefly note that while we
only consider one intermediate stage in these formulations, one can easily
extend both Equations (5.3) and (5.5) to two or more intermediate stages.
In this regard, we also direct the reader to Remarks 6.1 and 7.27.

We now discuss the solutions to the discrete MSOT problem, beginning
with the following lemma regarding the existence of a minimizer.

Lemma 5.6. The Kantorovich formulation of the discrete MSOT problem
in Equation (5.5) admits a minimizer.

Proof. Similar to the Kantorovich formulation of the classical OT problem
(see Equation (3.11)), we observe that Equation (5.5) is a linear program-
ming problem. Hence, it suffices to show that the constraint set UZ(a,b) is
always non-empty and the objective function is bounded below. Indeed, we
observe that for all c ∈ Σp, we have that (a ⊗ c, c ⊗ b) ∈ UZ(a,b). Then,
since

∑
i,k(P1)i,k =

∑
k,j(P2)k,j = 1, it follows that the objective function is

bounded below by mini,k(C1)i,k +mink,j(C2)k,j > −∞. □

In the remainder of this section, we will further characterize the form of
solutions to the discrete MSOT problem, which will motivate the develop-
ment of an optimal algorithm for solving the discrete MSOT problem in
Section 6. In particular, we will show that the Kantorovich formulation of
the discrete MSOT problem can be reduced to an instance of the classical
Kantorovich problem (i.e., without intermediate stages), and we will then
invert this reduction to derive the solutions to the original MSOT problem.
We then discuss the conditions under which the solution to the Kantorovich
formulation of the MSOT problem is induced by Monge mappings in Remark
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5.22. We first prove the following proposition characterizing the solutions
to the Kantorovich MSOT problem.

Proposition 5.7. For any instance of the Kantorovich MSOT problem
KZ(a,b;C1, C2) given in Equation (5.5), there exists an optimal solution
(P ∗

1 , P
∗
2 ) that satisfies the following condition:

(∗) For any i ∈ JmK, j ∈ JnK, there is at most one k ∈ JpK for which both
(P ∗

1 )i,k > 0 and (P ∗
2 )k,j > 0. Moreover, this k must satisfy

(5.8) k ∈ argmin
ℓ∈JpK

[
(C1)i,ℓ + (C2)ℓ,j

]
.

Proof. Suppose that (P1, P2) is optimal in Equation (5.5), but does not
satisfy the condition (∗). That is, there exists i, j and k1, . . . , kC such that
the terms (P1)i,kα , (P2)kα,j are non-zero for α ∈ JCK. Then, for α ∈ JCK, we
define ζ(α) := (C1)i,kα + (C2)kα,j , which is the transportation cost between
i, j going through kα, and ρ(α) := min{(P1)i,kα , (P2)kα,j}, which is the mass
being transported between i, j though kα.

Without loss of generality, we can assume that ζ(1) ≤ ζ(2) ≤ · · · ≤ ζ(C)
(i.e., by reordering the k1, . . . , kC). We also denote the gap δ(α) := ζ(1) −
ζ(α) ≤ 0. Then, we may construct (P ∗

1 , P
∗
2 ) from (P1, P2) such that

(P ∗
1 )i,k1 = (P1)i,k1 +

C∑
α=2

ρ(α)(5.9)

(P ∗
2 )k1,j = (P2)k1,j +

C∑
α=2

ρ(α),(5.10)

with (P ∗
1 )i,kα = (P1)i,kα − ρ(α) and (P ∗

2 )kα,j = (P2)kα,j − ρ(α) for α ∈
JCK \ {1} and all other entries equal to P1, P2. Then, (P ∗

1 , P
∗
2 ) ∈ UZ(a,b)

since P ∗
1 1p = P11p = a, (P ∗

2 )
T
1p = P T

2 1p = b, and (P ∗
1 )

T
1m = (P ∗

2 )1n by
construction. However, (P ∗

1 , P
∗
2 ) has cost

⟨C1, P
∗
1 ⟩+ ⟨C2, P

∗
2 ⟩ = ⟨C1, P1⟩+ ⟨C2, P2⟩+

C∑
α=2

ρ(α)δ(α)(5.11)

≥ ⟨C1, P1⟩+ ⟨C2, P2⟩,

where the rightmost inequality comes from the fact that we assume that
(P1, P2) is optimal. Thus, for all α ∈ JCK\{1}, since ρ(α) > 0 and δ(α) ≤ 0,
we must have that δ(α) = 0, from which it follows that (P ∗

1 , P
∗
2 ) is also

optimal. This must further imply that

(5.12) k1, . . . , kC ∈ argmin
ℓ∈JpK

[
(C1)i,ℓ + (C2)ℓ,j

]
,

as otherwise the preceding argument would contradict the optimality of
(P1, P2) (i.e., we could similarly redistribute mass through the k given in
Equation (5.8) and get a lower cost). Hence, since either (P ∗

1 )i,kα = 0 or
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(P ∗
2 )kα,j = 0 for α ∈ JCK \ {1}, (P ∗

1 , P
∗
2 ) satisfies condition (∗), completing

the proof. □

We now utilize the result of Proposition 5.7 to prove the following theo-
rem, which demonstrates the aforementioned reduction of the discrete Kan-
torovich MSOT problem to an instance of the classical Kantorovich problem.

Theorem 5.13. Consider an instance of the discrete Kantorovich MSOT
problem KZ(a,b;C1, C2). We define a reduced cost matrix C ∈ Rm×n

+ given
by

(5.14) Ci,j := min
ℓ∈JpK

[
(C1)i,ℓ + (C2)ℓ,j

]
.

It follows that KZ(a,b;C1, C2) = K(a,b;C).

Proof. Suppose that (P ∗
1 , P

∗
2 ) ∈ UZ(a,b) is optimal for KZ(a,b;C1, C2).

By Proposition 5.7, we may assume that (P ∗
1 , P

∗
2 ) satisfies the condition (∗).

For fixed i, j we will denote

(5.15) ki,j := argmin
ℓ∈JpK

[
(C1)i,ℓ + (C2)ℓ,j

]
.

If there are multiple minimizers to Equation (5.15), we can choose any one
at random. We now construct a solution P ∗ for K(a,b;C) as follows:

(5.16) P ∗
i,j = min

{
(P ∗

1 )i,ki,j , (P
∗
2 )ki,j ,j

}
.

It is clear that P ∗ ∈ U(a,b) by construction, and we observe that

⟨C,P ∗⟩ =
∑
i,j

Ci,j(P
∗)i,j =

∑
i,j

(
min
ℓ

[
(C1)i,ℓ + (C2)ℓ,j

])
(P ∗)i,j

(5.17)

=
∑
i,j

(
(C1)i,ki,j + (C2)ki,j ,j

)
(P ∗)i,j

=
∑
i,j

(C1)i,ki,j min
{
(P ∗

1 )i,ki,j , (P
∗
2 )ki,j ,j

}
+
∑
i,j

(C2)ki,j ,j min
{
(P ∗

1 )i,ki,j , (P
∗
2 )ki,j ,j

}
=
∑
i,k

(C1)i,k(P
∗
1 )i,k +

∑
k,j

(C2)k,j(P
∗
2 )k,j

= ⟨C1, P
∗
1 ⟩+ ⟨C2, P

∗
2 ⟩.

We now show that P ∗ is optimal for K(a,b;C). Suppose for the sake
of contradiction that P ∗ is not optimal, and instead there is an optimal
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solution P ′ ̸= P ∗. We can now define P ′
1, P

′
2 as follows:

(P ′
1)i,ℓ =

∑
j:ki,j=ℓ

P ′
i,j(5.18)

(P ′
2)ℓ,j =

∑
i:ki,j=ℓ

P ′
i,j .(5.19)

We can immediately verify that (P ′
1, P

′
2) ∈ UZ(a,b). Moreover, we have

that

⟨C1, P
′
1⟩+ ⟨C2, P

′
2⟩ =

∑
i,ℓ

(C1)i,ℓ(P
′
1)i,ℓ +

∑
ℓ,j

(C2)ℓ,j
(
P ′
2

)
ℓ,j

(5.20)

=
∑
i,ℓ

(C1)i,ℓ
∑

j:ℓ=ki,j

P ′
i,j +

∑
ℓ,j

(C2)ℓ,j
∑

i:ℓ=ki,j

P ′
i,j

=
∑
i,j

[
(C1)i,ki,j + (C2)ki,j ,j

]
P ′
i,j

=
∑
i,j

Ci,jP
′
i,j

= ⟨C,P ′⟩.

Since we assumed that P ′ ̸= P ∗ is optimal, we thus have that

(5.21) ⟨C1, P
′
1⟩+ ⟨C2, P

′
2⟩ = ⟨C,P ′⟩ < ⟨C,P ∗⟩ = ⟨C1, P

∗
1 ⟩+ ⟨C2, P

∗
2 ⟩.

This contradicts the optimality of (P ∗
1 , P

∗
2 ), yielding the desired result. □

We now provide the following remark regarding when the Monge and
Kantorovich MSOT problems coincide.

Remark 5.22. We consider the setting under which the optimal solution
to KZ(a,b;C1, C2) is induced by Monge mappings, thus giving a solution
to MZ(a,b;C1, C2). We first require that the reduced problem is induced
by a Monge mapping, giving K(a,b;C) = M(a,b;C), with C as defined
in Equation (5.14). Let this Monge mapping be denoted by σ. Then,
KZ(a,b;C1, C2) is induced by Monge mappings if and only if for all j1 ̸= j2,
kα,j1 ̸= kβ,j2 for α ∈ σ−1(j1), β ∈ σ−1(j2), where we are using the notation
given in Equation (5.15). Note that there may be multiple choices for ki,j
for a given i, j, so it suffices if there exists any series of choices that satisfies
the preceding condition. It trivially must hold that m ≥ n and p ≥ n for
Monge mappings to exist, though we do not necessarily require any such
relation between m and p a priori.

6. Algorithmic Solution and Complexity Analysis

In this section, using the result of Theorem 5.13, we outline an algorithm
to compute solutions to the Kantorovich MSOT problem and analyze its
computational complexity. The algorithm is provided in Algorithm 1. As
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Algorithm 1: Algorithm to compute solutions to Kantorovich
MSOT problem.

Data: Source histogram a ∈ Σm, target histogram b ∈ Σn, and cost
matrices C1 ∈ Rm×p

+ , C2 ∈ Rp×n
+ .

Result: Optimal transportation plans (P ∗
1 , P

∗
2 ) ∈ UZ(a,b).

1 begin
2 C ← 0 ∈ Rm×n

3 K ← 0 ∈ Rm×n

4 for i = 1, . . . ,m do
5 for j = 1, . . . , n do

6 η ← argmin
ℓ∈JpK

[
(C1)i,ℓ + (C2)ℓ,j

]
7 Ki,j ← η

8 Ci,j ← (C1)i,η + (C2)η,j
9 end

10 end

11 P ∗ ← Kantorovich(a,b;C)

12 P ∗
1 ← 0 ∈ Rm×p

13 P ∗
2 ← 0 ∈ Rp×n

14 for i = 1, . . . ,m do
15 for j = 1, . . . , n do
16 η ← Ki,j

17 (P ∗
1 )i,η ← (P ∗

1 )i,η + (P ∗)i,j
18 (P ∗

2 )η,j ← (P ∗
2 )η,j + (P ∗)i,j

19 end

20 end

21 return P ∗
1 , P

∗
2

22 end

before, we note that on Line 6 of the algorithm, if there exist multiple min-
imizers, η may be chosen from among them however desired. Furthermore,
we assume the procedure Kantorovich(a,b;C) invoked on Line 11 outputs
the optimal transport plan between the histograms a and b given the re-
duced cost matrix C.

We now consider the computational complexity of Algorithm 1. The com-
plexity of computing η on Line 6 is O(p). Hence, the total complexity of
the nested loop in Lines 4-10 is O(mnp). Then, the complexity of solv-
ing the Kantorovich problem (e.g., by network flow) on Line 11 is O((m +
n)mn log(m+n)). Finally, the nested loop in Lines 14-20 is O(mn). Hence,
the complexity of Algorithm 1 altogether is O((m+n)mn log(m+n)+mnp).
Meanwhile, the complexity of solving the Kantorovich MSOT problem in its
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original form using linear programming has complexity O((m+n+p)(mp+
np) log(m + n + p)) [Tar97], demonstrating the improvement in complex-
ity offered by Algorithm 1. We note that when p ≤ max(m,n), Algorithm
1 has complexity equivalent to solving the reduced Kantorovich problem
K(a,b;C), and is thus “optimal” in some sense (i.e., assuming no better
algorithm exists to solve the classical Kantorovich problem, no better algo-
rithm can exist to solve the Kantorovich MSOT problem).

Remark 6.1. We additionally remark that the result given in Theorem 5.13,
and as a consequence Algorithm 1, can easily be extended to the setting
of two or more intermediate stages. Consider the (discrete) intermediate
spaces Z1, . . . ,ZN , containing p1, . . . , pN points, respectively. Then, given
the corresponding cost matrices C1, . . . , CN+1, we can similarly compute the
reduced cost matrix as

(6.2) Ci,j = min
(ℓ1,...,ℓN )∈Jp1K×···×JpN K

[
N∑

α=0

(Cα)ℓα,ℓα+1

]
,

where we let ℓ0 := i and ℓN+1 := j for convenience.
Computing this reduced cost matrix, however, quickly becomes the com-

putational bottleneck for the approach in Algorithm 1. In particular, denot-
ing p0 := m and pN+1 := n for convenience, the computational complexity
of this approach becomes

(6.3) O

(
(m+ n)mn log(m+ n) +

N+1∏
α=0

pα

)
,

whereas the linear programming solution has complexity

(6.4) O

((
N+1∑
α=0

pα

)(
N∑

α=0

pαpα+1

)
log

(
N+1∑
α=0

pα

))
.

When m = n = p1 = · · · = pN , the complexity of our approach becomes
O(m3 logm+mN+2), while the linear programming approach has complex-
ity O(m3 logm). However, while our approach may have seemingly worse
complexity for N ≥ 2, we observe that the computational bottleneck of this
approach is simply the nested loop required to compute the reduced cost
matrix in Equation 6.2, while the linear programming approach may have
a large leading constant that is overlooked. Thus, our approach may still
be faster for small values of N ≥ 2. Additionally, the computation of Equa-
tion (6.2) can easily be parallelized; alternatively, in the setting of repeated
comparisons of different histograms with the same series of cost matrices,
this reduced cost matrix can be computed once and reused, amortizing the
computational cost of this subprocedure. Hence, this algorithm may still
present computational benefits when N ≥ 2.
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7. Continuous Multi-Stage Optimal Transport

We now formulate the MSOT problem in the continuous setting. We
consider Borel spaces X ,Y,Z and probability measures µ ∈ P(X ), ν ∈ P(Y).
Additionally, we let c1 : X ×Z → [0,+∞) denote the cost function between
X and Z, and c2 : Z × Y → [0,+∞) denote the cost function between Z
and Y. The Monge formulation of the MSOT problem thus follows as

(7.1)

MZ(µ, ν; c1, c2) = inf
T1 : X→Z
T2 : Z→Y

{∫
X
c1(x, T1(x))+c2(T1(x), (T2◦T1)(x)) dµ(x) :

(T2 ◦ T1)#µ = ν

}
,

where T1 : X → Z and T2 : Z → Y can be any Borel measurable maps.
Similar to the Monge formulation of the classical OT problem, the Monge

MSOT problem is difficult to solve for arbitrary measures µ and ν; crucially,
it is unclear a priori when mappings T1, T2 exist such that (T2 ◦ T1)#µ = ν.
As with the classical OT problem, one can easily find that in the discrete
setting, taking n > p or n > m immediately precludes the existence of
Monge mappings. Alternatively, if µ is discrete while ν is continuous, we
similarly find that such mappings cannot exist. Nevertheless, we can show
the following result providing sufficient conditions under which transport
maps for the Monge MSOT problem exist.

Theorem 7.2. Let X = RdX ,Y = RdY ,Z = RdZ . If µ ∈ P(X ) and ν ∈
P(Y) and µ is atomless, then there exist mappings T1 : X → Z, T2 : Z → Y
such that (T2 ◦ T1)#µ = ν.

To prove this theorem, we first state the following lemma.

Lemma 7.3 ([San15, Lemma 1.28]). There exists a Borel measurable map
σd : Rd → R that is injective, whose image is a Borel subset of R, and whose
inverse map is Borel measurable.

With this lemma, we can now prove Theorem 7.2.

Proof of Theorem 7.2. Let ω ∈ P(Z) be atomless. By Theorem 3.6, there
exists a transport map T ′

1 between (σdX )#µ and (σdZ )#ω, and a transport
map T ′

2 between (σdZ )#ω and (σdY )#ν. The desired mappings T1, T2 are

then given by T1 := (σdZ )
−1 ◦ T ′

1 ◦ σdX and T2 := (σdY )
−1 ◦ T ′

2 ◦ σdZ . □

We will later discuss sufficient assumptions for the existence of Monge
mappings (i.e., minimizers to Equation (7.1)) in Corollary 7.14. Just as
before, we can relax the Monge formulation through the Kantorovich for-
mulation of the MSOT problem. To do so, we first define the set of two-step
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transportation plans as follows:
(7.4)

ΓZ(µ, ν) =

(γ1, γ2) ∈ P(X × Z)× P(Z × Y) :
(πX )#γ1 = µ,

(πZ)#γ1 = (πZ)#γ2,

(πY)#γ2 = ν

 .

The Kantorovich formulation of the MSOT problem is then given as

(7.5) KZ(µ, ν; c1, c2) = min
(γ1,γ2)∈ΓZ(µ,ν)

[∫
X×Z

c1(x, z) dγ1(x, z)

+

∫
Z×Y

c2(z, y) dγ2(z, y)

]
.

Remark 7.6. The Kantorovich formulation of the MSOT problem is indeed a
relaxation of the Monge formulation, similar to the corresponding formula-
tions of the classical OT problem. For any valid set of transportation maps
T1 : X → Z and T2 : Z → Y such that (T2 ◦ T1)#µ = ν, the transport
plans induced by these maps, γ1 = (id, T1)#µ and γ2 = (T1, T2 ◦ T1)#µ, are
valid transport plans for the Kantorovich MSOT problem, in the sense that
(γ1, γ2) ∈ ΓZ(µ, ν). Additionally, if T1, T2 are Monge mappings (i.e., T1, T2
are optimal for MZ(µ, ν; c1, c2)), then the induced transport plans γ1, γ2 as
defined above are optimal for KZ(µ, ν; c1, c2).

We first consider solutions to the Kantorovich formulation of the MSOT
problem in the special case where (X , d) is a compact and convex metric
space and all measures lie on the same underlying space (i.e., X = Y = Z).
Additionally, for p ∈ [1,∞), we assume that c1 = C1d

p and c2 = C2d
p

for constants C1, C2 ∈ R+. Before we proceed any further, we first require
the following lemma, demonstrating that the Kantorovich MSOT problem
exhibits some notion of optimal substructure.

Lemma 7.7. Let X ,Y,Z be compact metric spaces, and let µ ∈ P(X ), ν ∈
P(Y). Additionally, let c1 : X × Z → R and c2 : Z × Y → R be contin-
uous. Suppose that (γ∗1 , γ

∗
2) ∈ ΓZ(µ, ν) are the optimal transport plans for

KZ(µ, ν; c1, c2). Then, if we denote ω := (πZ)#γ
∗
1 = (πZ)#γ

∗
2 , it follows that

γ∗1 ∈ Γ(µ, ω) is an optimal transport plan for K(µ, ω; c1), and γ
∗
2 ∈ Γ(ω, ν)

is an optimal transport plan for K(ω, ν; c2).

Proof. Suppose that γ∗1 was not optimal for K(µ, ω; c1). Then, by Theorem
3.12, there must exist some other optimal transport plan γ′1 ∈ Γ(µ, ω) with
lower transport cost,

(7.8)

∫
X×Z

c1(x, z) dγ
′
1(x, z) <

∫
X×Z

c1(x, z) dγ
∗
1(x, z).
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However, we observe that (γ′1, γ
∗
2) ∈ ΓZ(µ, ν) and has transport cost∫

X×Z
c1(x, z) dγ

′
1(x, z) +

∫
Z×Y

c2(z, y) dγ
∗
2(z, y)(7.9)

<

∫
X×Z

c1(x, z) dγ
∗
1(x, z) +

∫
Z×Y

c2(z, y) dγ
∗
2(z, y),

contradicting the optimality of (γ∗1 , γ
∗
2). An identical argument shows the

optimality of γ∗2 ∈ Γ(ω, ν) for K(ω, ν; c2). □

We also require the additional lemma presented below.

Lemma 7.10. Let (X , d) be a compact and convex metric space and let
p ∈ [1,∞). Suppose µ, ν ∈ Pp(X ), and let c1 = C1d

p and c2 = C2d
p for

C1, C2 ∈ R+. It follows that KX (µ, ν; c1, c2) is equivalent to the Wasserstein
barycenter problem.

Proof. From Lemma 7.7, it follows that KX (µ, ν; c1, c2) can be reformulated
as follows:

KX (µ, ν; c1, c2) = min
ω∈Pp(X )

[
min

γ1∈Γ(µ,ω)

∫
X×X

c1(x, z) dγ1(x, z)(7.11)

+ min
γ2∈Γ(ω,ν)

∫
X×X

c2(z, y) dγ2(z, y)

]

= min
ω∈Pp(X )

[
C1W

p
p (µ, ω) + C2W

p
p (ω, ν)

]
.

Thus, we indeed have thatKX (µ, ν; c1, c2) is equivalent to finding theWasser-
stein barycenter of µ, ν ∈ Wp(X ) with weights C1, C2. □

We are now prepared to prove the following theorem, which provides
sufficient conditions for a solution to the Kantorovich MSOT problem to
exist.

Theorem 7.12. Under the assumptions of Lemma 7.10, KX (µ, ν; c1, c2)
admits a solution.

Proof. By Lemma 7.10, we have that KX (µ, ν; c1, c2) is equivalent to find-
ing a Wasserstein barycenter. By Theorem 3.12, there exists some optimal
transport plan γ∗ ∈ Γ(µ, ν) between µ and ν. If we let λ := C1

C1+C2
, the

desired barycenter in Equation (7.11) is

(7.13) ω = (χ1−λ)#γ
∗.

See Remark 4.10 for details. Hence the optimal transport plans γ∗1 ∈ Γ(µ, ω)
for K(µ, ω; c1) and γ

∗
2 ∈ Γ(ω, ν) for K(ω, ν; c2) solve KX (µ, ν; c1, c2), which

are guaranteed to exist by Theorem 3.12. □

As a corollary, we can also extend this result to the setting of the Monge
formulation of the MSOT problem.
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Corollary 7.14. Under the assumptions of Lemma 7.10, suppose addi-
tionally that X ⊂ Rd; µ is absolutely continuous and has bounded den-
sity with respect to the Lebesgue measure; and ν ∈ P2(X ) and vanishes
on small sets. Then, there exists a unique set of Monge mappings T1, T2 for
MX (µ, ν; c1, c2).

Proof. By Theorem 3.7, there exists a unique Monge mapping T between µ
and ν, and so by Corollary 4.7, ω = (λ id+(1− λ)T )#µ with λ := C1

C1+C2
as

before. By [AC11, Theorem 5.1], ω will also be absolutely continuous under
the given assumptions, so there exists a unique Monge mapping T2 between
ω and ν. Hence, if we let T1 := λ id+(1−λ)T , then T1, T2 are unique Monge
mappings for MX (µ, ν; c1, c2). □

Remark 7.15. In Corollary 7.14, ν ∈ P2(X ) is said to vanish on small sets
if and only if ν(B) = 0 for any Borel set B ⊂ X ⊂ Rd with Hausdorff
dimension less than or equal to d − 1. If ν is also absolutely continuous
and has bounded density with respect to the Lebesgue measure, then this
condition is automatically satisfied.

Remark 7.16. We can directly extend the preceding results to the setting
of two or more intermediate stages in the MSOT problem, assuming similar
regularity assumptions as Lemma 7.10. In this setting, the optimal trans-
portation plans will be such that the resulting measures on each intermediate
stage all lie on the constant speed geodesic between the source and target
measures µ, ν. In particular, each intermediate measure will be given by a
Wasserstein barycenter with weights given by normalizing the coefficients
of the cost functions. The total cost of the MSOT problem can then be
found by computing the transport cost of each individual stage. Moreover,
under the additional assumptions of Corollary 7.14, each barycenter will be
absolutely continuous, and so we can guarantee the existence of a unique
set of Monge mappings.

We now consider when the Kantorovich MSOT problem admits a solution
under milder regularity assumptions. We aim to prove the following result.

Theorem 7.17. Let X ,Y,Z be Polish spaces, and additionally assume that
Z is compact. Furthermore, assume that the cost functions c1 : X × Z →
R+ and c2 : Z × Y → R+ are continuous. Under these conditions, for
µ ∈ P(X ), ν ∈ P(Y), KZ(µ, ν; c1, c2) admits a solution. In particular,
KZ(µ, ν; c1, c2) can be reduced to K(µ, ν; c) for some cost function c(·, ·).

We first prove the following lemma.

Lemma 7.18. Under the assumptions of Theorem 7.17, we may define the
function c : X × Y → R+ given by

(7.19) c(x, y) = min
z∈Z

[
c1(x, z) + c2(z, y)

]
.

This function is well-defined and continuous.
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Proof. Fix any (x, y) ∈ X × Y. Then, we have that the function z 7→
c1(x, z) + c2(z, y) is continuous. Since Z is compact, c(·, ·) is well-defined
(i.e., a minimizer exists) by Weierstrass’ theorem. Continuity of c(·, ·) re-
sults from Berge’s maximum theorem [Ber63]. In particular, the function
(x, y, z) 7→ c1(x, z) + c2(z, y) is continuous and the constant-valued corre-
spondence Ξ: X×Y ⇒ Z given by Ξ ≡ Z is compact-valued and continuous.
Thus, application of Berge’s maximum theorem completes the proof. □

We additionally reference the following result, called the gluing lemma,
from [Vil08].

Lemma 7.20 (Gluing Lemma, [Vil08]). For Polish spaces X ,Y,Z with
measures µ ∈ P(X ), ν ∈ P(Y), ω ∈ P(Z), let γ1 ∈ Γ(µ, ω) and γ2 ∈ Γ(ω, ν).
Then, there exists a coupling γ ∈ P(X × Z × Y) such that (πX ,Z)#γ = γ1
and (πZ,Y)#γ = γ2, where πX ,Z and πZ,Y are the canonical projections.

We can now prove the following proposition.

Proposition 7.21. Under the assumptions of Theorem 7.17 and with c(·, ·)
as defined in Equation (7.19), we have that K(µ, ν; c) ≤ KZ(µ, ν; c1, c2).

Proof. Let (γ1, γ2) ∈ ΓZ(µ, ν). By the Gluing Lemma 7.20, there exists
γ ∈ P(X × Z × Y) with (πX ,Z)#γ = γ1 and (πZ,Y)#γ = γ2. We now have
that ∫

X×Z×Y
c1(x, z) + c2(z, y) dγ(x, z, y) =

∫
X×Z

c1(x, z) dγ1(x, z)(7.22)

+

∫
Z×Y

c2(z, y) dγ2(z, y).

Let γ′ = (πX ,Y)#γ and note that γ′ ∈ Γ(µ, ν) by construction. By the
definition of c(·, ·), we thus have that

c(x, y) ≤
∫
Z
c1(x, z) + c2(z, y) dγ(z|x, y).(7.23)

Integrating both sides and substituting with Equation (7.22) implies the
desired result:∫

X×Y
c(x, y) dγ′(x, y) ≤

∫
X×Z

c1(x, z) dγ1(x, z) +

∫
Z×Y

c2(z, y) dγ2(z, y).

(7.24)

□

We now have the machinery to prove Theorem 7.17.

Proof of Theorem 7.17. Given Proposition 7.21, it suffices to show that for
an optimal transport plan γ∗ ∈ Γ(µ, ν) forK(µ, ν; c), we can construct γ∗1 , γ

∗
2

achieving the same transport cost for K(µ, ν; c1, c2). The result then follows
from the fact that an optimal transport plan γ∗ ∈ Γ(µ, ν) is guaranteed to
exist by Theorem 3.12, given the result of Lemma 7.18.
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By the Kuratowski and Ryll-Nardzewski measurable selection theorem
[Kec95], we can pick a measurable map Ψ: X × Y → Z which satisfies
c(x, y) = c1(x,Ψ(x, y))+c2(Ψ(x, y), y). If we define the function φ that maps
(x, y) 7→ (x,Ψ(x, y), y), then we can define a coupling γ ∈ P(X ×Z ×Y) by
γ = φ#γ

∗.
We can now consider γ∗1 := (πX ,Z)#γ and γ∗2 := (πZ,Y)#γ, and we have

that (γ∗1 , γ
∗
2) ∈ ΓZ(µ, ν). It follows that∫

X×Z×Y
c1(x, z) + c2(z, y) dγ(x, z, y) =

∫
X×Z

c1(x, z) dγ
∗
1(x, z)(7.25)

+

∫
Z×Y

c2(z, y) dγ
∗
2(z, y),

and additionally, by construction we have that

(7.26)

∫
X×Z×Y

c1(x, z) + c2(z, y) dγ(x, z, y) =

∫
X×Y

c(x, y) dγ∗(x, y).

Combining Equations (7.25) and (7.26) completes the proof. □

Remark 7.27. We conclude with one final remark on the existence of solu-
tions to the Kantorovich MSOT problem. If we were to extend the Kan-
torovich MSOT problem to the setting of two or more intermediate stages,
Z1, . . . ,ZN with corresponding cost functions between stages, then under
similar regularity conditions as Theorem 7.17, we can extend our results
to reduce the problem to an instance of the classical Kantorovich problem
and guarantee the existence of solutions with similar gluing and cutting
arguments.
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